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CONTROL OF BISTABILITY, OSCILLATIONS AND CHAQOS
IN A MODEL ELECTROCATALYTIC PROCESS
ON A SPHERICAL ELECTRODE SURFACE
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17 General Naumov Street, Kyiv 03164, Ukraine

The role of a preceding chemical reaction in the appearance of three dynamical instabilities leading to
multistability of steady states, periodic current oscillations, and possible chaotic behavior in a model
electrocatalytic process on a spherical electrode surface under potentiostatic conditions has been determined.
A class of non-equilibrium systems where these instabilities can arise was sketched out and possible
applications of these instabilities were presented from recent literature data. The results obtained are
actual and fruitful in context of nonlinear dynamics and can help to understand the processes at interfaces.

INTRODUCTION

The first observation of spontaneous periodic
oscillations during an electrochemical surface
reaction is dated back to 1828. As earlier as 1900
electrochemical oscillations indicated chaos was
reported, but at that time this term had not yet
been used. Since then the experimental evidence
of electrochemical instabilities leading to various
types of nonlinear  behavior including
multistability, periodicity, quasiperiodicity, and
chaos have been constantly accumulating [1, 2].
The mentioned nonlinear effects can be undesira-
ble, but in some cases they can be exploited as to
obtain new functional materials, including
nanostructured ones [3], to increase reaction rates
and yields [4-12], to devise an electrode with cer-
tain properties [13, 14]. The experimental and
theoretical interest to these questions has also
been renewed with the appearance of a new para-
digm in chaos theory — the possibility to control
chaotic behavior of a non-equilibrium system by
application of small perturbations to it [15]. To-
day there is an attempt to use the patterns of cha-
0s to encode and to manipulate inputs so as to
produce a desired output. The resultant morphing
logic gates are termed chaogates [16]. Chaos, in-
cluding well-defined transitions to chaos, has
been observed numerous times in electrochemis-
try [17-28]. As the dynamical instabilities in
electrochemical systems can be monitored by
simple current or voltage measurements and par-
ametric changes can be easily achieved by current
or voltage control, electrochemical systems seem
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to be an ideal playground for testing different
control strategies. This not only helps to unravel
the origin of instabilities in electrochemical sys-
tems but also can help to shed light on mecha-
nisms of such self-organization phenomena in
other non-equilibrium systems, including those of
practical relevance [29-31].

In the paper, the method of impedance spec-
troscopy is applied to quantitatively characterize
three dynamical instabilities, namely, a Hopf in-
stability, a saddle-node instability, and a
homoclinic instability in a model electrocatalytic
process on a spherical electrode which is preced-
ed by a homogeneous chemical reaction in bulk
solution under potentiostatic control.

THEORETICAL PART

The model process can be schematically writ-
ten as

K K, K,
Bouik <k—’ Apuik = Asyrt <k—"Aads —espre @
2 d

where ki, k, are the rate constants of chemical
reaction in the bulk solution, and k,, kg, K. are the
rate constants of adsorption, desorption, and elec-
tron transfer, respectively. The last step of the
reaction is considered to be irreversible.

This model electrocatalytic reaction was pro-
posed for a theoretical explanation of spontane-
ous current/potential oscillations during electro-
oxidation of small organic molecules such as
those of formaldehyde, methanol, ethanol, eth-
ylene glycol, etc. on Pt electrode and other noble
ones. These molecules were tested for their pos-
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sible application in fuel cells [32-34]. We added
into the stage of a preceding chemical reaction in
a near-electrode layer the reaction scheme [35-39].
Our interest was motivated by similar studies on
influence of a preceding chemical reaction on
impedance spectra [40].

Neglecting the Ohmic losses and double layer
influence, we can write the rates of adsorption-
desorption and electron transfer as follows:

1 (6(t),c(ry,t)) =Tk, exp(yO(t) / 2) c(ry, t) x

x(1—-6(t)) —-Tky exp(—y0(t) / 2) 6(t), @
vo(t) =T'Kg (1) O(t) =Tk cexp(abE(t))O(t) . (3)
Here, c(rp,t)is the concentration of

electroactive species at the electrode surface, r,

is the radius of the spherical electrode, 4(t) is the
coverage of the electrode surface with the
adsorbate, y is the attraction constant, T" is the
maximum surface concentration at 4(t)=1, F is
the Faraday’s number, R is the gas constant, T is
the absolute temperature, « is the symmetry fac-
tor of electron transfer in the direction of oxida-
tion, E is the electrode potential, b=F/RT, k. is
the rate constant of electron transfer at E(t) =0.

According to Eg.(2) the adsorption-
desorption of species A on the electrode surface
under steady-state conditions is described by the
Frumkin isotherm [41]. Positive values of the at-
traction constant y correspond to the attraction
between adsorbed species, and its negative values
correspond to the repulsion between adsorbed
species. Only positive value of the attraction con-
stant leads to instability [32-34].
depends on potential [42, 43]. The adsorption
equilibrium constant k./ky can also be a function
of the potential. We considered a case when yis a
constant and the adsorption-desorption rate con-
stants are independent on the potential. As the
control parameters we take y and the effective
rate of a preceding homogeneous chemical reac-
tion k.

The changes in the electrode surface coverage
¢ with adsorbate and in the concentration
c(r,t)=co+u (u is a deviation of concentration
from equilibrium concentration c, corresponding
to bulk concentration) satisfy the following
equations:

deo

[——=v(t) - v, (1),

o (4)

In general, y
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8c(r,t) 1 0 gac(r t)
kc 5
ot 2 ar( or o ) ®)
with boundary condltlons
oc(r,t
3oty =-D 2D .
c(d,t)=cy, o=1y+d, (6)

where K is the effective rate of a preceding homo-
geneous chemical reaction, D is the diffusion co-
efficient, d is the Nernst diffusion layer thickness.
The origin of coordinates coincides with the cen-
ter of the spherical electrode.

The faradaic current density is determined by
the following equation:

i (t) =Fv,(t) = FIk,exp[abE(t)]Ot). (7)
Steady-State Condition. The solution of the
diffusion equation (5, 6) under steady-state condi-
tions yields the following expressions for the
steady-state electrode potential Eg, the steady-
state concentration at the electrode surface
cq(r=ry) and the steady-state faradaic current
density iz
(Clb) 1| [mC(CO CSt(rO))], (8)

St_

ke Ot
MeCo + kg Ol 105 /2
me + (1— 0 )Tke’ st
it =Fme(Co—Cx (), (10)
1+ SGO D d
where  m, =m; : e=—, &=—,
GO d o
thy/zqk 2
Gy :i, 74 _9° (zq4 is diffusion time of
a,Tdk D
relaxation).

As in the calculations we neglected the elec-
trolyte resistance and did not take into account
the double layer impedance, that of the model
system is equal to the faradaic one.

Hopf bifurcation and impedance spectra. It
is known that the origin of electrochemical insta-
bilities stems from the negative impedance char-
acteristics of the faradaic processes at the elec-
trode surface [32-34]. For potentiostatic condi-
tions the study of the linear stability of an electro-
chemical system near its steady state is based on
the analysis of the system impedance zeroes with
changes of electrode potential [44]. The sign of
the real part of impedance zero indicates the sta-
bility region of the stationary state [45]. As was
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shown, a Hopf bifurcation can realize when com-
plex impedance of electrochemical system is
equal to zero at nonzero frequency, Z(w)=0 at
o=oy#0 (0=27f, f — frequency) [32-39, 44-49].
At Hopf bifurcation the system produces its own
undammed periodic oscillations with frequency
y, SO in the case of influence on the system of an
external signal with a frequency exactly coincid-
ing with this value, the external signal will pass
through the system without resistance. In many
cases a Hopf bifurcation is a prerequisite for more
complex dynamical behavior, including chaos.

To calculate the faradaic impedance of this
system, we consider its dynamic behavior when a
low periodical signal is applied to the steady-state
polarization potential

E(t) = E + AEge ", (11)
where j=+-1, @ — angular frequency (=2,
f — frequency), AE, — amplitude of small periodic
signal.

In response to this excitation the electrode
surface coverage &(t) oscillates near steady-state

value as the faradaic current i¢(t) and concentra-
tion c(ro, t) do.

O(t) = 6y + AGpe ™, i (t) =iy + Al (E,0)
Cc(rp,t) =cg (rp) + Ac(rg, ) . (12)
The faradaic impedance in the Laplace image
space F(s)= [ f(t)e Sdtis expressed as a func-

0
tion of complex frequency:
- AE(s
Aig ()
Omitting some mathematical computations,
the resultant expression for the faradaic imped-
ance in the Laplace space can be written as:

Zi(s)=
= Rct{l
where

Rct =

(13)

Ogvo[l+eG(1+ uov)]

N (14)
Is[L+eG(L+ moen)]-0gn (L+&G)™

1 1
ditg  FLafk, exp(a fEq )by
OEg
(charge transfer resistance),
thy/zq (k +5)

Jra(k+9)

(finite length Gerischer impedance),

(15)

(16)
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Ogv1 =T{ky exp(—yOs 1 2)[y0s 1 2-1] +

+K, exp(y8,/2)cy (r)ly -6, )/2-1]}, (7
01 =Ty (1- Oy )exp(05 12),  (18)
OpVo =Tk eXp(abEg), (19)
u=rylD. (20)

For sake of convenience, the partial deriva-
tives are designated here as 0 ,u =0ou/ox.

Thus, to find the Hopf bifurcation points of
the system, the zeros of impedance Z;(s) de-

pending on electrode potential must be studied. In

our case, the impedance zeros can be found from

the following equation:
Y(k,s,8)=(s+0gv,)[1+ G+ uo:v1)] -
—0gv1(1+G) =0.

This is the equality to zero of the numerator
of Eq. (14).

To satisfy the condition (22), it is necessary that
Re[¥(s,0,k)]=0
Im[W¥(s,0,k)]=0.

Eg. (22) can be solved only numerically. The
intersection of the obtained surfaces gives the
Hopf bifurcation points, namely, bifurcation val-
ues of frequency wy, electrode surface coverage
by adsorbate 4, and the effective rate of a preced-
ing chemical reaction ky. In order to pass from
the Laplace space to the Fourier space, it is nec-
essary to perform a substitution s =jw.

Saddle-node bifurcation and polarization re-
sistance. The saddle—node bifurcation indicates the
realization in a non-equilibrium system bistability —
the coexistence of two stable steady states at the
same values of the parameters [32—-34, 36, 49]. The
bistability region is that where the system can be in
one of two stable steady state. Which one is chosen
depends on where the system comes from, i.e. on
initial conditions. In this sense the bistable system
has a memory. The saddle-node bifurcations always
come in pairs and lead to hysteresis.

The saddle-node bifurcation points can be
found from equality to zero of an electrochemical
system polarization resistance. As well known,
polarization resistance is equal to the system im-
pedance at ® -0, Zp = lim Z; (@) .

0—0
In our case the system polarization resistance
has the form

Zp = Reefl+

(21)

(22)

891/2 [1+ 8GO (1 + ﬂacl/l)]
—89Vl(1+ EGo)

b (29)
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To find bifurcation values of electrode sur-
face coverage by adsorbate &sy; and sy, that
confine the bistability region, we should solve Eq. 24

Zp =0. (24)

This can be done only numerically.

Homoclinic bifurcation — complex dynam-
ics. Since Poincaré's pioneering work, orbits
which are homoclinic to saddle periodic ones
have been one of the most attractive objects under
study in the theory of dynamical systems. The
main reason to study homoclinic orbits is that
their presence implies complicated dynamics,
including chaotic one [20, 34,50-52]. A
homoclinic bifurcation occurs if an oscillatory
state collides with a stationary state of the saddle
type (in phase plane of dynamical variables at
critical parameter value the limit cycle — oscilla-
tory solution of the system born in a Hopf bifur-
cation, connects to the saddle in a homoclinic or-
bit). The homoclinic orbit is an oscillatory state of
infinite period. When approaching a critical pa-
rameter value, the period of the oscillations will
grow logarithmically, beyond the bifurcation, os-
cillations no longer occur.

In our case a homoclinic bifurcation is real-
ized in the system when the bifurcation values of
the electrode surface coverage by adsorbate &sy;
and &, approach each other.

In the model calculations, the following
values of the system parameters were taken:
I'=10° molcm? y={5;8}; TIk,=0.1cms";
Iky=10"° mol/cm?*s; k.,=10s?; D=10°cm?s;
d=10%cm; a=0.5; Co =10 mol/cm?;
F=96484 C/mol; R=8,314 J/mol-K; T=300 K;
b=38,7 V"', r,=107 cm.

All numerical calculations were performed with
the mathematical package Mathematica” [53].

RESULTS AND DISCUSSION

We have an electrochemical system of the
N-NDR type [2]. In this system the electrode po-
tential plays the role of an activator and the con-
centration of electroactive species in the near-
electrode layer plays the role of an inhibitor.

We considered changes in the system dynam-
ics at two values of the attraction constant, name-
ly, y=8 and y=5. In both cases the steady-state
polarization curves i vS. Eg of the model process
have a region of the potentials with the negative
slope, where dis /dE <0. This is so-called nega-
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tive differential resistance (NDR) region where a
Hopf instability usually occurs. In the second
case the distorted steady-state polarization curves
have also a region of bistability, where two values
of the faradaic current density corresponds to one
value of the electrode potential. In both cases an
increase in the preceding chemical reaction rate,
k, leads to an increase in the faradaic current den-
sity as for a plane electrode [35-39].

Fig. 1 shows the surfaces of zeros of the func-
tions Re[W¥(s,0,k)] and Im[‘¥(s,8,k)] for the

chosen values of the attraction constant y. The
line of their intersection is the solution of

Eq. (22) — the Hopf bifurcation points of the system.

w, Hz 600
40

1

Fig. 1. Surfaces of zeros of the system impedance real
(light) and imaginary (dark) parts: a—y=8,
b-y=5

As it is seen from Fig. 1, in case of the higher
value of the attraction constant we can always
find two Hopf bifurcation points at a fixed value
of the parameter k, up to its threshold value ki,.

For the values of k higher than this threshold

value kg, (K ~ 132 s™) the system remains stable

to the Hopf bifurcation, and periodic oscillations
are absent. For y=5 the threshold value ki,

(kiy ~ 16 s™) is lower and the system has only one

Hopf bifurcation point up to this value of preced-

ing chemical reaction rate. An increase of k shifts

the bifurcation frequency @y to the region of low-
er values in contrast to the case of y=8.
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Fig. 2. The system polarization resistance Z, vs. € at
a given value of the parameter k

Figure 2 presents dependence of the system po-
larization resistance Zp on the value of 6 at a given
value of the parameter k. Intersection of the Zp(6)
curve with the abscess axis yields two bifurcation
values of the electrode surface coverage by adsorbate
at which a saddle — node bifurcation appears in the
system (the system impedance turns to zero at the
zero frequency). A change in parameter k effects
practically no changes in the bifurcation values Gsy
(see Tables 1 and 2). At y=8 the saddle— node bifur-
cation is not realized in the system — the Zp(6) curve
does not cross the abscess axis, as the shape of the
voltammetric curve changes, i.e. there is no bistability.

Table 1. The electrochemical system parameters in the
Hopf and the saddle—node bifurcation points
atk=0.5s"and y=5

Points of o,

: 2

bifurcation Hz 0 lis A €m B V
Hopf  28.72 0.6632 0.002891 0.077930
saddle- (6496 0002836 0.078008
node

saddle- 5 o904 0.000420 0.020918
node

Table 2. The electrochemical system parameters in the
Hopf and the saddle—node bifurcation points
atk=15s"and =5

Points of @,

- 2
bifurcation Hz 0 lis A €m B V
Hopf  10.61 0.6505 0.003868 0.093974
saddle- 5 (6491 0.003860 0.093974
node
saddle- 5 (9903 0.000569  0.036654
node

Tables 1 and 2 indicate that the bifurcation
values of electrochemical parameters in the Hopf
bifurcation point and one of the saddle-node bi-
furcation points are very close. Such a feature of
the system is retained in the whole range of val-
ues of the parameter k<ky. This is the case of
positive implementation of a homoclinic bifurca-
tion into the system as for a plane electrode [36].
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CONCLUSION

On the basis of the theory of electrochemical
impedance spectroscopy the necessary conditions
for the appearance of three dynamical instabilities
causing multistability of steady-states, periodic and
chaotic oscillations has been obtained in a model
electrocatalytic process on a spherical electrode
surface under potentiostatic conditions.

It was shown that the emergence of some of the-
se dynamical instabilities may be regulated by the
rate of the preceding homogeneous chemical reaction
in the bulk solution. The spontaneous periodic oscil-
lations can arise in the system at the rates of this reac-
tion which are lower than some threshold value, kg,
whereas at higher values of this parameter the system
does not undergo such an instability.

The appearance of bistability in the system is de-
termined by the value of the attraction constant, y, in
the Frumkin isotherm and is less dependent on the
values of parameter k. At y=8 we can observe only
spontaneous periodic oscillations, while at y=5, both
oscillations and bistable states are possible in the sys-
tem and even more complex dynamical behavior
evoked by realization of a homoclinic bifurcation.
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KoHnTpoJs 0icTaldiibHOCTI, OCHMISALINA TAa X20CY B MO/IeJIbHOMY €J1eKTPOKATATITHYHOMY
npoileci Ha MOBEePXHi c(PepUYHOTrO eTeKTPOAY

O.1. T'iuan

Inemumym ximii nogsepxnui im. O.0. Yyiika Hayionanvnoi akademii nayk Yxpainu
eyn. Ienepana Haymoea 17, Kuie 03164, Ykpaina, gichan@isc.gov.ua

Busnauena porv nonepednvoi ximiunoi peakyii y nosigi mpbox OUHAMIYHUX HeCMILIKOCHeLl, Wo 6edynb 00 MYIbmuUcmaoinb-
HOCMI CMAYIOHAPHUX CMAHIE, NEPIOOUYHUX OCYUWIAYILL CIMPYMY | MONCTUBOL XAOMUYHOT NOBEOIHKU 8 MOOCIbHOM)Y eleKmpo-
KamauimuuHoMy npoyeci Ha NosepxXHi chepuuno2o enekmpooa 3a nomenyiocmamuunux ymos. Ilpeocmaeneno cmucauil
027180 KIIACY HEPIBHOBANCHUX CUCIEM, 0€ GUHUKAIOMb MAKI HECMIIKOCE, MA PO3IAHYMO IXHE MOJICIUBE 3ACMOCYBAHHA 3
ocmannimu timepamypruumu Oanumu. Ompumani pe3yiemamuy € aKmyaibHUMU Ma KOPUCHUMU 8 KOHMEKCMI HelHIIHOT
OUHAMIKU T MOJICYIb OONOMOSMU Y PO3YMIHHI NPOYEcie Ha Mexci (as.

KOHTpOJ’IL 6I/ICT361/IJ'[I>HOCTI/I, OCHMJJISIIMHA M Xa0€a B MOJAEJIbHOM IJTEKTPOKATAIUTHYICCKOM
nmpouecce Ha MOBEPXHOCTHU cdwpuqeacoro 3JIEKTpOada

O.A. 'muan

Huemumym xumuu nosepxnocmu um. A.A. Yyiiko Hayuonanvrou axademuu Hayk Ykpaurvl
ya. lenepana Haymosa 17, Kues 03164, Vipauna, gichan@isc.gov.ua

Onpedenena pons npedulecmsyioweli XUMULecKol peakyuu 6 GO3HUKHOBEHUU Mpex OUHAMUHECKUX HeyCMouuueocmell,
KOmopbule 6edym K MYIbMUCmaduibHOCMu CIMayUoOHaAPHbIX COCMOSHUL, NEPUOOUYECKUM OCYUIAYUIM MOKA U 803MO-
JHCHOMY XAOMUYECKOMY NOBEOCHUIO 8 MOOETbHOM JJIEKMPOKAMAIUMULECKOM NPpOYecce Ha NOBEPXHOCIU CPePUUeCKoo
1eKmpooa npu Nomenyuocmamudeckux yciosusix. Ilpeocmaegien kpamxuii 0030p Kiacca HEPABHOBECHBIX CUCHIEM, 20€
BO3HUKAIOM MAKUe HeyCMOUYUBOCMU, U PACCMOMPEHO UX B03MOICHOE NPUMEHEHUE NO NOCACOHUM JUMEPANYPHbIM
oannvim. Ilonyuennvie pe3ynbmamol AGIAIOMCA AKMYAIbHLIMU U NONE3HBIMU 6 KOHMEKCMe HeNUHeUHOU OUHAMUKY U
MO2Ym NOMOYb 8 NOHUMAHUL NPOYECCOB HA MeXNCPHA3HOU cpanuye.
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